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In works dealing with applications of Chetaev’s method, the question of
the converse of Routh’s theorem is considered [1,21. When applied to

the equations of motion in normal coordinates, one may prove instability
theorems for systems which are gyroscopically constrained systems [3,
4,5).

1. Suppose that gy, ---s 4, 8re independent Lagrangean coordinates
of a certain holonomic conservative mechanical system, having con-
straints which do not depend explicitly upon time. Let T be the kinetic
energy, and U be the potential function of the system. Let us suppose

that the coordinates Tpi1r s dp (m < n) are cyclic, in the sense that
oL /dq, =0 o=m-+1,..., n
where L. = T + U is the Lagrangean of the system. The equations of motion

of such a system

a o o .
dt aq;/ 0g; = Y

possess n — m first integrals
6L / 6qa’ = ﬁa

where the P are constants of integration. In the case under consider-
ation, the Lagrangean egquations, for the noncyclic coordinates, have
the form [3]

d 4R oR , ,
E—aq—z,""“—a‘}}‘z—:o (L:i,...,m) RzL—Eana (11)
a

The function B does not depend on the cyclic coordinates or on their
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velocities; it has the form
R=R;+ R, + Ry

where Ro, the perturbed potential function, does not depend on the non-
cyclic velocities, R1 is a linear form in the acyclic velocities, and
R2 is a positive definite quadratic form in the acyclic velocities.

Suppose that, for certain values of pa, the equations of motion (1.1)
possess the particular solution q; = 0. This solution corresponds to a
stationary motion in which a single cyclic coordinate 9a has been
altered.

Let us suppose, without loss of generality, that for q; = 0 the func-
tion BO has the value zero. In this manner, for fixed values of the ﬁa,
the equations of the perturbed motion are equations (1.1).

In view of Routh’s theorem [1], the stationary motion corresponding
to a particular solution q; = 0 is stable, provided that the perturbed
potential function Bo is a strict maximum.

Under certain conditions, this theorem admits a converse. The equa-
tions of motion (1.1) may be written in the form

—2 2 4T, (1.2)
dt dq; dq; 9q, i
where the Fi are the gyroscopic forces
1 m
-J‘ ’ ’
‘R2 = ? Z Qgr (qll LR qm) qs q'- (asr = ars)
s, r=1
d OR R <
1 1 . ’ .
Iy =— @ oq, g Ei ;i (qur -+ ) 4 (8= — 8ij 8= 0)

1. Consider the gyroscopically unconstrained system, in which 8ij =0
for ¢, =1, ..., m, that is, Fi = 0, in particular, this occurs when
Rl = 0. Then the equations of the perturbed motion become

Here, R* = R2 + RO' that is, it has the same form as the equations
of a perturbed motion in the neighborhood of an equilibrium position.
If we suppose that

OR*
p; = OR* [ g/, H* = — R* + 2_6(1—’ 7'
. 1
1

then we obtain the canonical Hamilton’'s equations for acyclic
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coordinates
dg; [ dt = o0H* | op;, dp, | dt = — 0H* | dgq, (i=1,...,m (1.3)

Consider the Hamilton-Jacobi equation corresponding to (1.3)

ow ow
)=

H* (qlv LS ] qm; aql ? v e vy aqm (14)

If the complete integral of equation (1.4) is
W=WI(gq, . @i .-, h

then the momenta p; are given, in the perturbed motion, according to
Jacobi’s theorem, by the formulas

p; = OW [ dg, G=1,...,m)

where ag, h are arbitrary constants, for s = 2, ..., m.

In the case of equilibrium, Chetaev’s theorem [2] is valid. When
applied to the problem under consideration, this theorem may be formu-
lated as follows.

Theorem 1. If, for the isolated stationary motion, the function Ro,
supposed to be an analytic function, is not a maximum, then the station-
ary motion of the gyroscopically unconstrained system, q; = 0, is un-~
stable.

2. Consider the equations of the perturbed motion, (1.1). Let us
suppose that

' T Y ,
R = 2 c; (qes - - qm) qi’ = Z ci(O)qi -+ Z Ci( )qi + Z, ci(z)qi + Q
i i i i
dc, 1 d%c,
(o _ ) _ <__' ) @ _ — (__ L )
c; = ¢ (01 LIRS 0)7 ¢ Z aqk qu1 ¢ 2 = dqs 8qr Oqsqr

where the term Ql is of not less than the fourth order. Equations (1.,1)
may be written in the following form:

d_OR*  9R* ,
dt aqi/ aq =0 (L = 1, ey m) (15)

i

R*=Ry+R{+R,
'1 ( af)i(l) acju)
ij

, . 1 , 2 ,
R* = 5 7 T) 9; 95 + Z 01(2)% + Q= 72 gif‘,‘O)‘Ii q; +2 c(i)qi + Q1
i i i ij i

Consequently, by Chetaev’s method [2], one may prove the following
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theorem for gyroscopically constrained systems, and for sufficiently
small (in absolute value) values of the variables g, qi' (i =1,...,m.

Theorem 2. If, for an isolated stationary motion, the function Ro,
assumed to be analytic, is not a maximum; and if the coefficients gi§0)
in the expansion of the function Rl' are all zero, then the stationary

motion is unstable.

Indeed, in view of the hypotheses of the theorem, in an arbitrary
domain R, > Ry* > 0, for any Ry*, and corresponding to any point of the
region C defined by the inequalities R;, ~ 0 and qlz + ...t qm2 <1,
there is no movable singularity of the complete integral W; further, by
a suitable choice of the initial conditions we obtain

oW 8R*
1 ’
dW/dt:Z—(’Eqi'=Zpiqi/=2—5q—i'_qi = 2R, + Q; >0
i i i
where 02 contains terms of order not less than the third order of small-
ness, depending on the velocities qiﬂ

Consequently, the function W satisfies all the hypotheses of
Chetaev’s theorem on instability in the domain R0 > Ro‘ > 0 inside the
region C. The assertion has thus been proved.

2. Consider a gyroscopically constrained system in normal coordi-
nates, and introduce the notation

S=a,0,...,0, g}=g;0 ...0 (&) = — g5 g = 0)

b = ( 99; 99; )o (by; = by

a

The equations of the perturbed motion, (1.2), may be reduced to the
form [4,6]

’

m
:S (a§ i

i ’ ,

y at + gi‘}q;- + bﬁ‘],‘) + Q=0 i=14...,m 2.1
=1

where the Qi are holomorphic functions, containing terms of not less

than the second order.

It is known [4] that there exists a nonsingular linear transforma-
tion with constant coefficient which reduces the first approximation to
equations (2.1) to the form

2"+ 2\ 8ig7] F by = 0 i=1...,m @2
i

where x. are normal coordinates, Ai are the stability coefficients of
Poincare independent of the gyroscopic forces, and gij‘ are constants
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having properties similar to the gi?.

Let us consider the case when some of the stability coefficients of
Poincaré, A, are zero.

Suppose that the skew symmetric matrix, whose determinant is formed
from the gyroscopic terms gvu*(v, =1, ..., s), has the form H gvu‘llf.

Theorem 3. If, in equations (2.2), A, =0 (k =1, ..., s <m), and
the determinant of the skew symmetric matrix guu® f is different
from zero so that the degree of instability is odd, then the stationary
motion is unstable.

Proof. Since for equations (2.2) among the roots of the characteristic
equation one finds Ak = 0, one must have

A g* .. 81s . }"glf s41 * }‘glrr:
ga* Ao 82s 7“g2t s v )“gz;n
AR =AY | ga &g oo A hgg gy oo hggm
£s+1,1  Bst1,2 ¢ ¢ Bs+1s Mgy 7»83+1,m
Emi gm; c o Emg A'gm, s+l * A2+ Am

Hence, the expansion of equation A(A) = 0 may be written in the form
A (}‘) — (7\.8) (}"2m~s . a1x2m~s—1 ‘i’ A + (_1)2m—sam) -0

where the constant term is

(— ¥ e, = Pgpy - -

*

*
gs1 gsp + -+ 0

It is known [4] that when the determinant of the skew symmetric
matrix “ gvu'|'f is not zero, it must be positive, and thus s must be
even.

Thus, in view of the hypotheses of the theorem, the product of the
remaining 2m - s roots, a., must be negative. Thus, at least one of the
non-zero characteristic roots must be positive.

Therefore, in the case under consideration, in view of Liapunov’'s
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theorem, the first approximation to the unperturbed motion of equation
{2.1) must be unstable.

The theorem is proved.

Note 1. For an isolated position of equilibrium, Chetaev [3] proved
a theorem on the instability of mechanical systems which are acted upon
by potential and gyroscopic forces. This theorem may be considered as a
certain sort of converse of Routh's theorem, and may be formulated as
follows,

If, for equation (2.2), all Ai are different from zero, and the
degree of instability is odd, then the stationary motion is unstable.

Note 2. In [7, Section 5], a theorem on the instability of the sta-
tionary motion is proved under the hypothesis that

°

( o"H ) 0 *
m, m =
Op;8q; . ..0q, &

for arbitrary m; + my + ... +m > 0 and i <Xk, and that the function
Wl, which depends only on the variations of the coordinates, is a homo-
geneous function.

If (*) holds, then the equations of the perturbed motion become

dt £ f 8H ° dn 3 3 o
— = [ a2 S s — S
dt Ei [k ap; apj ) + 51'1:] M; dt agi l.jzzl ;"M agl
where the Sij(gl’ ---» §,) vanish when all the §,, ..., §, are zero; it

is readily seen that this case corresponds to the case in which Rl = g0,
that is to say that the system of equations of the perturbed motion is
a gyroscopically unconstrained system.

On the other hand, the theorems on the instability of the stationary
motion given by us (see Theorems 1 and 2 above) hold under more general
hypotheses.

Note 3. It is to be noticed that [8} contains an attempt to prove a
theorem for gyroscopic systems, under the hypotheses that

1 d(Ry+ U) gq;/39;>0
2} the velocities Nyr -0 T BTE constrained by the relations

Piknk=0 (i:'l,...,Zp;k:'l,...,s)

However, the author does not prove the inequality (1). Besides, he
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does not even prove that when the constraints (2) are added, the differ-
ential equations of motion remain unchanged. In the absence of proofs

of these two assertions, the theorem of (8] must be regarded as without
proof.

In conclusion, the author thanks V.V. Rumiantsev for attention given
to this paper.
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